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THE GENERALIZED GAMMA FUNCTIONS. 

By Emil L. Post. 

Introduction. 
The difference equation 

0(2 + 1) = fiz)<j>iz) (1) 

has been studied directly* and indirectly! through 

<j>{z + 1) - ^(z) = xf^iz) 

in the cases where f{z) is a meromorphic function. In the present paper 
a solution of (1) is obtained under an entirely different assumption with 
regard to f(z). One class of functions satisfying this condition is of the 
form 

g(z)h(z)e*^'^ 

where g(z) is regular at infinity, and h{z) and \(/(z) are any algebraic func- 
tions, Abelian integrals, or finite combinations of these. It is also at- 
tempted to bring out the similarity of the solution and its properties to 
those of the ordinary Gamma function. 

In part I a solution of (1) is obtained as an infinite product. An 
asymptotic expression is obtained for it, as well as an infinite integral. 
In part II a number of relations are obtained of which the generalization 
of the multiplication theorem of the ordinary Gamma function is char- 
acteristic. 

Part I: Fundamental Expansions. 

1. Construction of the Gaussian Form of the Generalized Gamma Functions. 
Let /(z) satisfy the following two conditions : (a) that log f(z) be analytic 
in a sector enclosing the positive end of the real axis; (b) that for some value 
of r, a positive real value of e may be found such that 

Limp'-'^^T-^.logfiz + p) =0 

uniformly over any finite region of the z plane. Under these conditions a 

* Mellin, Acta Math., vol. 8 (1886), pp. 37-80; Barnes, Proc. London Math. See, ser. 2, 
vol. 2 (1905), pp. 438-469. 

t Guichard, Ann. de L'Ecole Norm., ser. 3, vol. 4 (1887), pp. 361-380; Appell, Journ. de 
Math., ser. 4, vol. 7 (1891), pp. 157-219; Hurwitz, Acta Math., vol. 20 (1896), pp. 285-312. 
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THE GENERALIZED GAMMA FUNCTIONS. 203 

solution of 

0(2 + 1) = fizMz), (1) 

denoted by Tf^u)iz), will be obtained which is entirely analogous to the 
ordinary Gamma function. 
In analogy with 

T./ ^ T- 1 • 2 ••• (p - 1) 

set 

where F(p, z) is to be determined so that (2) converges, and satisfies the 
fundamental difference equation. For the latter condition 

l^ fiz + p)lf(p) -^ ^^^ 

Taking into account (a) and (&), we may have condition (3) fulfilled by 
setting 

log F(p. z) = I log/(rt ^' + ■ ■ ■ + |; log/W Iff}; (4) 

where <t>'^{z), • ■ ■ ^r+\{z) are the Bernouillian polynomials.* Later we shall 
show that the same value of F{p, z) insures the convergence of (2). 
Since 0n(l) = 0, 

r/(.)(i) = 1 

so that where g is a positive integer 

r/(.)(g) = /(l)/(2) ...f{q-l) = \f(q - 1) 

in an evident notation. 

The general solution of (1) imay be written 

<j>{z) = Tf^u,(z)P(z) (5) 

where P(z) is any periodic function of period unity. Clearly T/(u)(z) is 
the only solution of (1) such that 

J . <j){z + p) . ,„. 

t^™ \l(p-J)[f(p)YF(p, z) - ^^^ 

Equation (6) in connection with (1) may therefore be taken as defining 

* Whittaker and Watson, Modern Analysis, Second edition, pp. 126, 127. 
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2. Eulerian Form and Convergence. Equation 2, §1 may be rewritten as 
follows : 

Since 

(h(z) , <^3(g) , , 0»(2) _ 3' - 2 



(s - 1)!2! ' (s - 2)! 3!^ ^ s! ~ s! ' 
we have 

log Fip + M) = log F(p, .) + i: ^-if^^ ^1^^ 



»=1 

r-1 



dp' 



+ Z Xa ^'^' ^^l--^^?' J: ^») <t>_s+i(iL 



dpr+1 (^ _ s + 1) ! (s + 1) ! 

|X, I ^1; <^, < 1, 

by using Darboux's* form of the remainder in Taylor's series for complex 
variables in connection with (4 §1). Hence substituting in (1) and re- 
ducing we obtain 

log Q{p) - Z. A. ^^r+1 (^ _ s + 1) ! (s + 1) ! 

z\ d''+i z'+^X +1 d''+i 

By means of condition (b) we see that from some value of (p) on, the terms 
of S log Qip) are less in absolute value than those of the convergent series 
2(l/(pi+')). Hence (1) is absolutely convergent for all finite values of z 
which are not zeros of some/(2 + p). Condition (6) likewise proves (1) 
to be uniformly convergent over any finite region of the z plane which 
excludes these points. T/(u)(z) is therefore an analytic function, except 
for isolated points, in the entire sector at least over which f(z) is analytic. 
3. Weierstrassian Form, and Derivatives. When r ^ l,t equations (2 § 1) 
and (1 § 2) become 

and 

Since (1) is uniformly convergent, we may differentiate logarithmically so 

* Journ. de Math., series 3, vol. 2 (1876), p. 291. 

t Whenever r can be taken < 1. This is not in general true. 



THE GENERALIZED GAMMA FUNCTIONS. 205 

that 



r/(«)(2) 



where 



r//(^) f'(i)\ , { f'(z + i) f'(2)\ -| 

- ^^<"' i\f{z) /(I) ; + v/(^ + 1) /(2) ;+■■■]' 
^-- = ir [/(^ + /i + • • • + ji - ^^^^^^^ ] ^'^ 



convergence of 7/(u) being easily established. Clearly 

r'/(u)(i) = — T/M- 

The analogy with r(2;) is further brought out by transforming (1) into 



-=/<*"-nj&^e-s?-). 



(4) 



the generalization of the Weierstrassian form of T{z). 
From (3) we find 

d"^ d^ d^ 

~ dP^^^ r/(„)(0) = ^^logfiz) + ^l0g/(2 + 1) + • • •. 

More generally for r unrestricted, we have 

~ d^'^^^ r/(„)(2) = ^^ilog/(2) + ^^ilog/(2 + !)+•••. (5) 

4. Asymptotic Expansions. In the notation we have adopted 

log |/(p) = log /(I) + log/(2) + • • • + log/(p). 
If <}>{z) is analytic for R(z) > a, — 1 ^ I(z) S 1, then 

0(1) + ,^(2) + • • • + <^(p) = C+ £<l>{t)dt + Uip) +Y\<t>'{v) 

- |i<^"'(p) + • • • + i-y^^f"'-'Kp) + Rp, 
where Rp can be put in either of the forms 

2q CO 2^+1 00 

<=1 s=p t=\ s=q 

provided these forms converge. In the case where 4>{z) = log f(z), con- 
dition (a) insures the fulfilment of the condition of this formula. Let 
that form of the remainder be chosen which makes the index of differenti- 
ation r + 1. Then by condition (fe) a value of p may be chosen such that 



206 EMIL L. POST. 

for all greater values 

I ^P I <p^+ (p + 1)1+' + • • • < e"(p _ 1). ' 
Hence Lim Rp = 0. Letting C = log G/^u), we have 

log \m ~ log (?/(„) +£iogmdt + i iog/(p) 

+ gi^iogffa) - ••• + (-y-^ B^ d^^-nogfip) ^^^ 

In general q may be taken to be larger than the value above adopted, since 
condition (&) will usually be satisfied for larger values of r than the one 
used in the infinite product. 

We shall now show that if for p we substitute z in the above formula, 
we obtain an asymptotic expansion for log r/(„)(z + 1), or 

logr/(„)(z) ~ log (?/(„) + flogfrnt - ilog/(2) 

Bx d l og /(g) _ (-y-^B,d'^-nogf(z) ^^^ 

■^2! dz ■■■■'■ (25)! dz^"-' • 

Denote the right hand member by S^. Using the recurrence formulae 
for the BernouUian numbers, we easily find, provided z is within the ana- 
lytic sector, 

S^+i = S, + logfiz) + P., 

where Pz can be written in either of the forms 

§^' ^^¥^+llog/(s + St), ZA« ^^2FF2l0g/(2 + dt). 

Hence 

s+p-I 
S.+P -S. = log [/(2)/(2 + 1) • • • /(Z + p - 1)] + Z Py. (3) 

Substituting this result, and (1) above in the infinite product for r/(„)(z), 
we have 

log r/(„)(2) = Lim LSj, + <S^ - S,+p + z log f(p) 

+ l0gP(p,2) +ii;p-'E Py\. 

y=e _l 

Now 

S.+, -Sp= f\og}{t)dt - \ log^-^7(~)^ + • • • 
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(-)-^B,^^ f(z + p) 
"^ (2^)! #2«-'°S f{p) 

= z logfip) +^logf(p) [I - I] + ^2log/(p) [|5 - 2^, 
"•" 2! J+ ■■■ +dp'^^^-^^^^L(r + 1)! 2r!'^2!(r - 1)! 



t ! yr — o) : 

= z logfip) + log 
where 



■] + Qp 



4!(r - 3)! 
= 2log/(p) + logF(p,2) + Q„ 



Qr> = (7Tp2y! d^l«s/(P + e^z) - 2 (^r+iyi d^log/(p + e,z) 

the last term ending in z^ or z^. Hence 

x- \-p— l CO 

LimQp = 0; Limi^p = 0; Lim IZ P« = Z^^^+s) 

p->oo P—^00 p-^x y=z «=0 

and 



iogr/(„)(z) = s,-T.P 



z+S) 



(Sj will therefore be the asymptotic expansion of log r/(u)(2), provided z 

00 

approaches infinity in such a way that X^ Pz+, -^ 0. This will clearly 

8=0 

be the case if z -> oo along a line parallel to or on the real axis in the posi- 
tive direction. Under this condition (2) holds. We cannot infer more 
from the conditions we have assumed. If however condition (6) holds 
when p -> 00 along any line,* (2) will hold for z -> <» along any line not 
parallel to or on the real axis in the negative direction. 

5. An Integral for Tnu){z). If Xi and x^ are integers, and <^(^) is a 
function which is analytic and bounded for all values of ^ such that 

xi m R{k) ^ x^, 
thent 

i<^(xi) + 0(xi + 1) + <t>{xi + 2) + • • • + <t,{x2 - 1) + h<i>{^) 

* This extended condition is satisfied by the class of functions suggested in the introduction. 
t Whittaker and Watson, p. 145, Ex. 7. 
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Let the initial conditions (a) and (6) imposed on f{z) be extended to the 

following : 

(a') log/(2;) is analytic to the right of a line at distance a from the axis of 

imaginaries ; 
(Jo') for some value of r and a, e > 0, 

Lim2'+«^^ilog/(z) =0, 

where z -> oo along any line included in the analytic region of (a') . 
We shall then have, if R{z) > a, Xi = 0, X2 -> <», 

- ^^ilogr/(„)(z) = ^^ilog/(2) +^^ilog/(z + !)+••• 
= 2^.1og/(.)+X^log/(z + «d| 

1 r'" ^2^' ^^^•^'■^ "*" ^^^ ~ 5z^' ^^^•'"'^^ ~ ^y^ 

- 7 I ^2tv _ 1 <^2/ + Lim i2x2, 

where 

1 rdzr^"^^^^^^^ + a^ + i?/) - ^r+1 I0g/(Z + Xo - 12/) 

From (&') we easily find 

Lim XiRxi = 0, i. e., Lim Rxi = 0. 
Also 

so that on integration 

log Yj(u){z) = Co + Ciz + • • • + CrZ' - 2 log/(z) 

+ j_^ log/(z)dz + 7 j^ e^"!^^^! "^• 

If we let 2 -> 00 , on expanding the latter integral and comparing with the 
asymptotic expansion, we find 

Co = log Gs(u) ; Ci = C2 = • • • Cr = 0, 



and 



1 r 

log r/(„)(z) = log GJ/(„) - 2log/(z) + j log/(z)c?z 

, plog/Cz + i?/) - log/(z - iy) dy 



+ 2 



2^■ e2^» - 1 
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As a matter of notation, let 

(t>{z + iy) - (l>{z - iy) 

2i ■ = sin*(«)(2, y), 

2 = cos^(«)(2, y)- 

Then 

log r/(„,(2) =log (?,(„) - ^log/(2) +f\ogf(z)dz+2f^''^^^^^^^^^^dy (1) 
and by differentiation 

^j^-^-logm-^j^+2j^ ,2.. _ 1 dy. (2) 

Part II. Transformations. 

6. Integral for the Asymptotic Constant. In the present section and in 
the one following we shall obtain results which are very useful in estab- 
lishing particular relations between the generalized Gamma functions. 

Let* 



u 
then 



= J log Tnu){t)dt; 



dz 
and 



= log Tnu)(z + 1) - log r/(„)(z) = log/(2), 



u 
Since 



= flogrndt + C. 
log Tnu)(z) ~ log GfM+ £ log mdt - llogfiz) 

' (-)'-'B, d''-nogf(z) 

"^,tf (2s)! dz''-' 

it easily follows that 

£'' log Tnu^(t)dt ~ log Gnu) + [\^£ log/(M)dM] di 

m 



- 2 1 log mdt + E --(2,)!-- d^-^ l«g 



But, using the Euler-Maclaurin Sum formula,! we get 

* For the analogue of the ordinary Gamma function see Whittaker and Watson, p. 255, Ex. 21. 
t Whittaker and Watson, p. 128. 
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2+1 



£ ^ r J log fiu)du'\ dt^ j log mdt 

f log Tnu){t)dt ~ f \ogf{t)dt + log G/(„). 



so that 

••j+i 



Comparing with the above, we see that 

C = log G/(„) 
and 

f "" log r/(„)(<)d< = f log/(Od< + log Gnu. (1) 

Letting z = a, we obtain 

logG/(„) = f logr/(„)(Od<, (2) 

an analytical expression for the constant G/(u). 

Since G/(„) depends on the value of a chosen, we shall write it a6/(u). 

Then 

£11 
log/(Odi. (3) 

7. The Asymptotic Test. We have seen that log r/(„) (z) has the same 
asymptotic expansion as log \f{p — 1). Since any other solution than 

r/(«)(z) of 

<A(z + 1) = f(z)<l>(z) (1) 

must be in the form 

<{>(z) = Tnu)(z)P(z), (2) 

where P(z) is periodic of period unity, it is evident that r/(„)(z) is the 
only solution of (1) possessing this property. The following is a more 
useful expression of the above principle. 
From 

- ^^1 log ^f(u)iz) = ^^] log/(z) + ^^1 log/(z + 1) + • • •, 

we have 

LimT^ilogr/(„)(z) =0. (3) 

Let ^(z) be some other solution of (1) possessing property (3). Then if 
z = p + X, where p is an integer, we must have for all values of x 

(l'-+l r ^r+l ^r+1 -| 

IJm j^ilog \}'{x + p) = Lhn [^^;+ilog Tnu)(x + p) + ^^^ log P(x)J = 0, 
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SO that 

|^logPW=0. 

Since P{z) is periodic we can only have 

P{z) = ce'"*', 
so that 

^p{z) = ce''""TfUz), (4) 

where p is an integer. If furthermore ^{z) have an asymptotic expan- 
sion of the form 

log fit) dt + Ui log f{z) + • • • + a2j ^2^31 log /(z), 

where the a's are independent of /(z), we find by letting /(z) = e'''~' and 
using (4) that 

Oo = 1, ttl = — 2) ffl2s+l = 0, O23 = /o-N I \~)'~ ) 

and 

i/'(z) = cr/(u)(z). (5) 

We shall refer to condition (3) and the one just given as the asymptotic 
test. Hence if two solutions ^i(z) and ^2(2) of (1) satisfy the asymptotic 
test, 

\pi{z) = c\l/i(z). 

The same is clearly true of solutions of 

0(z + n) = f{z)4,{z), 

where n is real and positive, since this equation can be transformed into 

Hz + 1) =-f{nzMz). 

8. Elementary Transformations. From the Gaussian form of r/(„)(z) we 
see that 

r'[/i(u)i»iA(ti)]"(2) = Lr/,(„)(z)j™[ry2(„)(z)j". (i) 

In particular 

r,(z) = c^-i; r„(z) = r(z); r,„,)(2) = ef*-><^»'<^+".* 
Again, both Tf(u+b)iz) and r/(„)(z + b) are solutions of 
<^(z + l) =fiz + b)<f>(z). 

They clearly have the same asymptotic expansions, except for a constant 

* By means of these results and (2), we easily evaluate r/,(„)e/2(w)(2) where /i(«) is a rational 
and/2(M) an integral algebraic function. 
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factor, so that 

^/(u+b){z) = cTf^u)(z + b). 

To determine c, let 2 = 1. Since r/(„+6)(l) = 1, 

^ 1 

""-Fnu^il+b)' 
and 

. . _ r/w(2 + b) 
r/(„+6)(2) - r/(„)(i +j) ■ (2) 

By means of the integral of §6 these results may be directly applied 
to aGf(u)- We thus find 

«"^l/l(«)]'»[/2(M)]" ~ U"yi(u)]"'laG>2(u)]"> 
oVTc = C ' , oi^j,w) = 1> 

/^ a+!)U-/(") /q\ 

„(r/(„+6) - p^^^^^j _|_ j^^ , {6) 

9. Infinite Products in Terms of Generalized Gamma Functions. Consider 
first 

fV /(«i + p)/(«2 + p) ■■■ f(ak + P) fV „. . .,v, 

>i/(fei + p)m + p) • • • /(6i + p) " >=v ^^^- ^^^ 

A sufficient condition for convergence is that for some positive value of « 

Lim pi+' log F(p) = 0. (2)' 

But 
log Fip) = log/(ai + p) + ... - log/(6i + p) - ... 

= (k-l) logfip) + ^^^^-logfip) + ■■■ 

H ~i ^log/(p) + Rp, 

where 

Lim p'+'Rp = 0, Lim pi+^ £_ logfip) + 0. 

We must therefore have 

k = I, 2a = 26, • • • 20'- = 26% (3)' 

if (2)' is to be fulfilled. Now 

fj fjai + p) ■■■ fj ak + p) ^ Tfwjbi ) ••• TfMJ hk) „ 
/i/(6i + p) • • • 7(6, + p) r/(„)(ai) • • • VfUak) ^"^ 



THE GENERALIZED GAMMA FUNCTIONS. 213 

where 

^' ~ [f{p)]'"F{p, &0 • • • Uip)]'"F{p, h) ■ 

Using (3)', we see that Sp = 1, so that 

-fr fjai + p)fiaz + p) • ■ ■ f{ak + v) ^ F/wCbi) ••• T/wCfe,) 
p¥«/(6i + p)/(&2 + p) • • • f{hk + p) r/(„)(ai) • • . r/(„)(a,) ' ^^^ 



Consider now more generally 



fr/i(a i + p) ■•■ fkjak + p) _ fr „. . 

M <Ai(&i + P) ■■■ Uh + pj /i "^ ^^^' 



(4)' 



where (2)' is again a sufficient condition. We may write 
I[F{p) = LimilFip - 1) = Lim \F{q - 1) 

= .G^(.-i,Xl°si^("-i)''« (5)' 

by (1 §4). Furthermore, provided the functions used exist, from §8 it 
follows that 

aGfi(ai-l+u) • ■ • o(j/t(at-l+u) 
oG^l(ftll-l+u) • • • oCr^,(*(— 1+") 

_ a+ai-lG^/i(M) • • • a+aj-lGf^M T^^(u)Q>l) • • • T^,(u)ibl) 
o+6i-l(?«,(u) • • • o+i>,-l(r,>,{M) r/,(u)(ai) • • • r/j(u)(aA;) ' 

SO that finally 

A fijai + P) ■ ■ ■ fkjak + p) ^ ^ <.(?/.(») • • • gGf.M r^.wC&i) • • • r^,(u)(&;) 
M <l>i(bi + p) ■■■ <t>i(bi + p) aGi,(u) • • ■ o<?*,(u) r/,(„)(ai) • • • r/,(„)(afc) ' 



aG]p(u—l) — 



where 

" ' ^ tu 

-.«+»„ -1 (2) 

log<^^(tt)du. 



log A = I logF(M - l)du + Z I log/;^(u)di 

10. The Multiplication Theorem. Both T/(uin){nz) and 

r/(„)(z)r/(„) [z + l) ■■■ T/M (z + -^ j 

are solutions of 

Furthermore it is easily shown that they both satisfy the asymptotic test 
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since r/(„)(2) does. Hence 

r/(u)(3)r/(„) (2 + -j • • • r/(„) (^z + ^^^-^ j = ^p(n)^fo.ln)(nz). 

To determine \l/{n), we have 

log „a(?/(Wu) = / log ?/(„/„) (2) d2 = n I log r/(Wu)(n2)dz 

l^log r/(„)(z) + • ■ ■ + log r/(„) ( z + — ^ 1 - log xl'in) dz 

= n I log r/(„)(2)(iz + I log r/(„)(2)dz + • • ■ 

L«/a <^a+(I/ii) 

/»a+I -1 

+ I logr/(„)(z)dz - logi/'(n) 

«/rt+[(n-l)/n] J 

logr/(„)(2)dz - logi/'(n), 
so that 

and 

r/(«)(2)r,(„, (2 + i) . . . r,(„) (z + "^ ) = ^^^ r/(„/„)(n2) (i) 

When /(w) = w, by using the results of §8, the ordinary multiplication 
theorem results. 

Let 2 = 1/n, and we obtain 

r/« (-) r,c„, (-)••• r,(„> (^^ ) = f^^ • (2) 

If in this n = 2, we obtain 

\ ■^ / 2o'j'/("/i) 

the analogue of r(l/2) = Vii-. 

11. An Integration Theorem Generalized. When n is a positive integer 

■o+l />a+(l/re) ^a+(2/n) 



l0g/(2)d2 = l0g/(z)d2 + l0g/(2)d2 + • • • 

+ P log /(2)d2. 

«/a+[(n_I);n] 

By means of the Generalized Gamma functions the corresponding relation 
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may be obtained for any positive real value of n;* 

r+(IM) /'a+l 

logmdz+ ••• + log f(z)dz 

.jr"'-'iog[/w/(.+i).../(.+»-^)]* 






iO+(i;n) 

log[f(z)rfi,+(uin)]{n)]dz. 



Let now n have any positive real value. Then 

= - I l0gr/[„/n](z)d3 - I l0gr/fWn](3)d3 , 

SO that, using §6, we find the relation desired 

r+(l/n) /»o+l 

log[/(z)r/f.+(Wn)](n)]dz = I log f{z)dz. (1) 

12. The Multiplication Theorem Generalized. If condition (6) be ex- 
tended so that for some value of r 

the multiplication theorem may be generalized to admit all positive real 
values of n.J We have for positive integral values of n 

r/(u)(z)r/(„) (2 +-) • • • T/M yz + ^— ) = r/(„)(3)rr/(„) (,+<„/«) )(n). 

By the condition above imposed we have 

limp-|^logr,«(. + ^) = 0. 

It therefore follows easily that rry(u)(z+(r/n))(») exists when n is any real 
and positive number. Furthermore, with the aid of (2 §8) 

r/(«) (z) rr/(„) (j+(f/n)) (n) 



* The theorem depends only on the existence of the functions involved. That n be real and 
positive is sufficient for this purpose, under conditions (a) and (6), but not always necessary. 
For the class of functions suggested in the introduction the theorem holds for all values of n. 

tBy (2§8)and(l§l). 

X The note to §11 applies here too except that n may not be a negative real number. 
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is seen to satisfy the equation 

<^(z+i)=/(2).^(z). 

Since after transformation by (2 §8) it may be shown to satisfy the asymp- 
totic test, we obtain 

r/(«)(s)rr^(„)(^(Wn))(») = ypin)TfMn)(nz). 
The previous section enables us to determine \p{n) as in the simpler case. 

/»a+(l/n) 

log „aG^/(u/n) = n I logTf(uin)(nz)dz 

[logV f^u){z)Vrf^^u+ivin)){n)]dz - logxf'in) 

r+i 
log Tf(iu)(z)dz - logvJ'(n). 
- 

Hence, as before 

Hn) = —p , 

and 

\ C 1" 

r/M(z)rr/(„) (.+(»/«)) (n) =^^^r/(u/„)(n2) (i) 

Letting z = 1/n, and using (2 §8), we obtain 

rry(„)Wn)(n) = " q" • (2) 

13. The Associated Periodic Functions. Let /(z) be such that both 
T/(.u){z) and ?/(_„) (z) exist, and let 

r/(„)(z)r/(_„)(l - z) = ii'(z), 
Then 

i?'(z + 1) = F{z). 

We shall denote this periodic function by P/(„)(z), i. e., 

r/(„)(z) ?/(_„) (1 -z) = Pfiu){z). (1) 

Let aGf(u)-aGf{-u) = o7r/(u). Then using the integral of §6, we easily 
obtain 

log Pnu){z)dz. (2) 
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Clearly 



Again 



PfwiO) =j(o)' ^^ Lim P/(„)(z)/(z) = 1, 

■P/wCJ) = r/(«)(5)r/(_u)(^) = — ~ — . (3) 

Pfiu,(z) = P/(-„)(- z), (4) 

The multiplication theorem gives 

\ "' / \'<' / —na'Jfi—uIn) 

Inverting and multiplying,* we finally obtain 

PfUz)Pnu, i^ + l)--- P/(u) iz + "^ ) = ^^^'PnuUnz). (6) 

Columbia University. 



* It will be noticed that whereas in the case of the ordinary T function it is usual to obtain the 
multiplication theorem from that of the sine function, the reverse method is used here. 



